Abstract. Synchronous Digital Hierarchy (SDH) is the standard technology for information transmission in broadband optical networks. Unlike systems with unplanned growth, such as those of natural origin or the Internet network, the SDH systems are strictly planned as rings, meshes, stars or tree-branches structures designed to connect different equipments. In spite of that, we have found that the SDH network operated by Telefónica in Spain shares remarkable topological properties with other real complex networks as a product of its evolution since 1992. In fact, we have found power-law scaling in the degree distribution (N ·P (k) = k −γ ) and small-world networks properties. The complexity found in SDH systems was reproduced by two models of complex networks, one of them considers real planning directives that take into account geographical and technological variables and the other one is based in the compatibility among SDH equipments.
Introduction
During the last decade many complex systems have been studied from a network-theoretical perspective [1] . The results of this research shown the presence of particular, common and non intuitive statistical properties in these systems when they are abstracted to a network [2, 3] . The Internet, social organizations and metabolic networks are examples of complex systems that display scaling in the distribution of connectivities, transitivity in the organization of nodes and the small world phenomena [4] .
Taking into account the universality of the named complex networks we have developed an exhasutive analysis of an artificial technological system: the Spanish Synchronous Digital Hierarchy (SDH) telecommunication network. The SDH and its North American equivalent SONET are two closely related multiplexing protocols for transferring multiple digital bit streams over the same optical fiber [5] . For the last two decades these protocols have been the standard technology for information transmission in broadband optical networks. The SDH system, developed to replace the Plesiochronous Digital Hierarchy (PDH) system at the end of the 80s, transports different traffic types, such as voice, video, multimedia and data packets (as those generated by IP) over the same fiber wire without synchronization problems. This property, along with others such as its bandwidth scalability, infrastructure scalability (both nationally and internationally), proven operation administration management and provisioning functionality, and robust protection and restoration, are the ingredients for its success [6] . Many studies of SDH networks have been carried out since their inception, most of them focused on the capability of SDH equipments and their adaptability to new scenarios [7] . However few studies as the one developed by us have analyzed SDH systems from a network-theoretical perspective. Our results [8, 9] , developed at national and provincial levels, have shown that the SDH system operated by Telefónica in Spain displays the non-trivial topology previously described for complex networks.
The understanding of the origin of complexity observed in this and other complex systems has emerged as a useful paradigm for describing the structure of their organizations. Under this perspective, in this paper we present part of the empirical analysis of the Spanish SDH and show two approachs to the understand of the mechanisms behind the complex topology observed.
The organization of the paper is as follows. In the next section we present the results obtained from the empirical analysis of the SDH network. The application of two models of complex networks as simulators of SDH systems is shown in the third section. Finally, in the fourth section we sum up the study highlights and present the concluding remarks.
Empirical analysis of the Spanish SDH network
In order to administer the use of the fiber infrastructure in an efficient way, SDH networks are end-to-end circuits strictly designed as ring, mesh, bus and other motifs connecting equipments with different link capacities (Mbps/Gbps). Equipments are its basic elements and correspond to three different types [5] : terminal multiplexer, add-drop multiplexer and digital cross-connect. From a hierarchical point of view the SDH network of Telefónica España is divided into four layers with different topologies. The lower layer corresponds to the Access Network and the three upper layers correspond to the Carrier Network. A more detailed description of the network is described in Sec. 3 .
Under the perspective of network theory, the SDH network of Spain can be seen as a graph G SDH = (V, E) composed by a set V of nodes and a set E of connecting edges. We define a node of the network as any SDH equipment, as well as any equipment belonging to other technologies connected by optical systems to a SDH equipment. Likewise, we define a link as any Synchronous Transport Module (STM-N) optical system that interconnects two SDH equipments or SDH equipments with equipments belonging to other technologies. It is worth remarking that in our study of the Spanish network all the nodes belonging to any of the layers, either the Carrier Network or the Access Network are taken into account.
The connectivity degree k of a node in a network is defined as the number of nodes directly connected to it. In the case that we are considering in this paper, the degree k of an equipment of the SDH network is defined as the number of STM-N systems directly connected to it. The degree distribution of the network, N ·P (k), gives the distribution of the number of equipments with k connections.
In the left part of Fig. 1 we present the N ·P (k) distributions for the entire Spanish SDH network and for the provincial network of Sevilla. It can be observed that in the log-log plots both distributions follow a power law. This means that the distributions of the connectivity of the SDH networks follow the function N · P (k) ∼ k −γ where γ is the scaling exponent. This behaviour reveals a high level of inhomogeneity in the number of STM-N systems connected to the equipments of the SDH network. Thus, it can be noticed that most of the equipments have few connections but there are rare nodes with many connections.
Nevertheless, what should be remarked is that the number of equipments decays asymptotically as the node degree k to the power of a constant γ, denoting the scale free character of the networks. We perform the same analysis for other provincial networks and the results are similar (for more details see references [8, 9] ).
In the search of other complex properties in the SDH system, we have carried out an analysis of the distribution of nodes taking into account their number of ports (i.e., different connection capacities). The right part of Fig. 1 shows the distribution of equipments as a function of their number of ports (np) for the two largest SDH provincial networks of Spain: Madrid and Barcelona. As in the case of connectivity, nodes with few ports are more frequent than those with many ports and again we have found that the distribution fits a power law, which could be another sign of self-organization in the process of network growth. It should be emphasized that the fitting to a power law is not as accurate as in the case of the degree distributions.
To further characterize the topology of the SDH network, we have also analyzed other statistical properties. We compute the average path length ( l ) between pairs of nodes in order to investigate the presence of the small world property associated to a low distance between nodes. In order to characterize the non-trivial relationships between nodes, we also analyze the clustering of the network that indicates its degree of transitivity. The small world networks properties, associated with a high clustering and a low value of the average path length between pairs of nodes, have been observed in Spanish SDH networks. In fact, for the entire Spanish SDH network both values correspond to C = 0.04 and l = 11.35 respectively. It is worth noting that the clustering coefficient is significantly larger than those obtained for random networks of similar size and average connectivity, C rand = 0.00005. The mean value of the path length between nodes is also in good agreement with those of other complex technological networks [3, 2] and close to the value obtained in random networks [10] , l rand >= 9.75, where the small world property has been reported. The same network analysis was carried out at provincial level, obtaining analogous results (for more details see references [8, 9] ).
Modeling the topology of SDH systems
With the aim to understand the origin of the complex properties of the SDH system we have developed two network models described in this section. One of the models corresponds to an ad hoc algorithm that considers real planning directives using by Telefónica in Spain that take into account geographical and technological variables. The other model, Compatibility Attachment Model (CAM), is a general purpose network model that considers the compatibility among SDH equipments. For a complete description of ad hoc and CAM models see references [9] and [11] respectively. 
Ad hoc model
The transmission networks of SDH technology are built as hierarchical networks of equipments interconnected through bidirectional links (synchronous links of different speeds). In SDH networks the equipments display different roles depending on their characteristics: transmission capacity, scalability, etc. However, these roles are not rigid, and equipments of the same class or model can play different roles depending on how the network has been built. While obviously every SDH network is built depending on the particular needs of the telecommunications operator to which it belongs, the specific characteristics of the SDH technology mean that the design of the networks follows in all cases similar schemes. Thus these general guidelines can be translated into a growth algorithm of the network model. In our proposed ad hoc model we adopt the four hierarchical levels described in Sec. 2, and based on this hierarchy we distinguish five SDH equipment classes: A (national level), B (regional level), C (interconnection level), D (access level) and E (client equipment connected to SDH equipment by SDH connections).
The proportion of equipments in each class is variable in real SDH networks but tends to remain in a certain range. In the ad hoc model we assign to each class a share based on empirical data of real SDH networks collected in 2007. We consider links as all the SDH synchronous optical connections with speeds of 155 Mbps or higher. Other properties of realistic SDH connections such as actual traffic volume or traffic capacity have been abstracted away in the model for the sake of simplicity, hence all the connections between equipments are considered equal.
In real SDH networks each equipment is characterized by a number of installed ports that serve to establish SDH connections (see the empirical analysis detailed in Sec. 2), as well as by a maximum number of ports that can be installed. The number of installed and potential ports of an equipment determines the task followed when additional connectivity must be added to the network. If all the installed ports are being used and the maximum capacity has not been reached, then an additional port can be installed in the equipment, otherwise a new equipment must be added to the considered region. In the ad hoc model we assume that all the models belonging to a given class are equivalent in these respects, thus we characterize each equipment class by a number of initially installed ports and a number of maximally supported ports. Concerning geographical location, it is worth noting that each equipment in real SDH networks posses an ID that signals its address. In the ad hoc model we consider that the region where the network is deployed is divided into territorial units denominated provinces, and each province is divided into lower-level territorial units called sectors. Although traffic demand is an important factor behind the growth of real SDH networks we will consider for the sake of simplicity that the entire Spanish territory has a uniform demand and therefore the probability that a SDH equipment is added to any region will be considered uniformly distributed. Fig. 2 provides a comparison between the real Spanish SDH network and the networks generated by the ad hoc model. In both cases the network size is N = 38739 nodes and the ensemble size in the numerical simulation is S = 2000 networks. Remarkably, the model reproduces the scale-free distribution of connectivity. It is worth noting that the distribution generated by the ad hoc model differs from the empirically obtained distribution in the range of low connectivity degrees, approximately in the interval k = [3, 15] . Despite of the differences the model can reproduce the global topology observed in the real SDH network and predicts pretty well the number of equipments located in low hierarchies (i.e. equipment classes E, D and C). Equipments with low degree, k = 1 or k = 2, classes E and D, that represent around 60% of the equipments present in the SDH network, are in good agreement with the real network. However, equipments with connectivity k = 3, classes D and C, are overestimated by the model.
In addition to the reproduction of the scaling in the degree distribution, the networks generated by the ad hoc model exhibit the small world effect like the real one. Table 1 shows the values of C and l obtained with the model in comparison with those obtained empirically from the Spanish SDH network.
Compatibility attachment model
CAM [11] simulates the growth of a network in a dynamical process that considers the incorporation of a new node at each iteration. The new nodes, in this case SDH equipments, will be linked to the older ones when compatibility exists among them. In the CAM SDH model, two equipments are considered compatible when the difference between their characters is less than a certain value, given by the compatibility threshold. The character of an equipment represents the set of attributes that determine its nature and intrinsic properties (i.e., class, model, etc.). This character is time invariant and corresponds to a random number generated by a probability density function (PDF). In the CAM the compatibility always is tested between two equipments (the added one and one of the equipments already present in the network). It should be noted that the new added equipment can be connected with more than one of the old equipments.
We tested the CAM in a regional context. Fig. 3 shows the distribution of number of equipments as a function of their connectivity in the SDH network of Sevilla and in an ensemble of S = 1000 networks generated by the CAM. As can be seen the CAM reproduces the scaling in the distribution of connectivities, as well as other topological properties such as the average clustering, C , and the average path length, l , as can be observed in Table 2 . We have to remark that the statistical properties of the networks generated by both models are in good agreement with the real ones. Despite the similarities, the ad hoc model and the CAM SDH differ in the computational complexity (i.e., computation time) of their algorithms. The computational complexity, associated to the generation of networks with different sizes, is much higher in the ad hoc model, specially in large simulations [11] . These results indicate that the computational simplicity of the CAM contrasts with the complexity of the ad hoc model which has many parameters involved. Though this simplicity enhances algorithm efficiency, it is not suitable when precise regulation of a parameter is required for modelling the growth process of SDH networks.
Conclusions
An extensive study of the SDH network of Telefónica España was carried out. We have used the available data in 2008 of Spanish SDH systems with the aim of analysing classical traits for complex networks: scaling in the connectivity distribution, properties of small world network and other topological features. The empirical results have clearly shown that the Spanish SDH network presents characteristic traits of complex systems at different scales, both national and provincial level. Irrespective of the network size, the studied networks evidence small world network properties and scaling in certain topological metrics such as the connectivity distribution and distribution of equipments as a function of their number of ports. These properties suggest the emergence of complexity in the system evolution.
It should be emphasized that, despite being largely dependent on a strict planning, SDH networks are also dependent on factors such as user demand, costs associated to the connections of a new node and complex intrinsic constrictions. It is therefore such mixture of planning and unpredictable events that would give rise to the observed emergent complex topology of the SDH system. The fact that the ad hoc model reproduces quite well the empirically observed properties of the real SDH network evidences the possibility to generate an algorithm that captures these events associated to the network evolution and predicts the future topology of the system. All these events associated to the evolution can be "compressed" into the compatibility concept behind the CAM algorithm. In fact, our results suggest that compatibility between two SDH equipments is sufficient to generate the non-intuitive topology observed. However, the CAM can not be used for design proposals because of its simplicity. Additionally, the CAM generates assortative networks, different to the uncorrelated ones observed empirically and in the ad hoc model.
